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Abstract

The determination of the effective behavior of heterogeneous materials from the properties of the components and

the microstructure constitutes a major task in the design of new materials and the modeling of their mechanical be-

havior. In real heterogeneous materials, the simultaneous presence of instantaneous mechanisms (elasticity) and time

dependent ones (non-linear viscoplasticity) leads to a complex space–time coupling between the mechanical fields,

difficult to represent in a simple and efficient way. In this work, a new self-consistent model is proposed, starting from

the integral equation for a translated strain rate field. The chosen translated field is the (compatible) viscoplastic strain

rate of the (fictitious) viscoplastic heterogeneous medium submitted to a uniform (unknown) boundary condition. The

self-consistency condition allows to define these boundary conditions so that a relative simple and compact strain rate

concentration equation is obtained. This equation is explained in terms of interactions between an inclusion and a

matrix, which lead to interesting conclusions. The model is first applied to the case of two-phase composites with

isotropic, linear and incompressible viscoelastic properties. In that case, an exact self-consistent solution using the

Laplace–Carson transform is available. The agreement between both approaches appears quite good. Results for

elastic–viscoplastic BCC polycrystals are also presented and compared with results obtained from Kr€ooner–Weng’s and
Paquin et al. (Arch. Appl. Mech. 69 (1999) 14)’s model. � 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Heterogeneous material; Elastic–viscoplastic material; Integral equation; Projection operators; Self-consistent approxima-

tion

1. Introduction

The self-consistent method, originally proposed by Hershey (1954) and Kr€ooner (1958) for heterogeneous
materials with linear elastic behavior, was extended later to behavior of incremental elastic–plastic (Hill,
1965) and viscous (Hutchinson, 1976) types. Another model suggested by Kr€ooner (1961) relates to the
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calculation of internal stresses due to an incompatible inelastic strain field (problem of the plastic inclusion
embedded in a plastic matrix). The resulting interaction law was awkwardly used to build scale transition
schemes that proved to be too stiff in the calculation of the interactions between the components of the
heterogeneous material (Berveiller and Zaoui, 1979).
The cases of viscoelasticity and elastic-viscoplasticity raise a more complicated problem due mainly to

the differential nature of the constitutive equations that involve different orders of time derivation con-
cerning strain and/or stress fields.
Complex couplings between the mechanical fields result from the hereditary nature of the behavior and

the heterogeneous character of the material so that long memory effect appear: the behavior of the rep-
resentative volume element (RVE) formed by Maxwell elements cannot be represented by a Maxwell solid.
The modeling of such complex systems can be based on ‘‘hereditary approaches’’ using (for linear

materials following Boltzman’s superposition principle) a time integral formulation. For elastic–visco-
plastic non-linear problems, a tangent linearization procedure (Rougier et al., 1993) along the loading path
leads to a viscoelastic one with eigenstrains which can be solved using classical Laplace–Carson transform.
Li and Weng (1997) propose a secant-viscosity approach making use of a linear viscoelastic comparison
medium. In the case of isotropic and incompressible viscoplastic properties, the secant viscosity is reduced
to a scalar. This secant viscosity at a given stage of deformation can be identified to a constant viscosity of a
linear Maxwell comparison material. Then, to determine the effective properties of this viscoelastic com-
parison composite, Hashin’s model (1969) using the Laplace transform is applied. As the secant viscosity of
the ductile matrix changes continuously, the properties of the viscoelastic comparison composite is de-
veloped in rate forms so that the shear viscosity of the Maxwell matrix is continuously adjusted. The
application of the model in the case of a creep test allows to easily return to the real space. But, in general,
the methods using Laplace–Carson transform require large CPU time and memory space and are not well
adapted for non-linear situations; moreover inversions are not easy to find except in creep behavior
(Masson and Zaoui, 1999; Li and Weng, 1997).
Internal variable approaches can be preferred for their simplicity and their natural formulation and

expression. The elastic–viscoplastic behavior is described by two constitutive equations

• the elastic part relates the elastic strain rate _eee to the stress rate _rr through the elastic moduli c,
• the viscoplastic strain rate _eevp is related to stress r, viscoplastic strain evp, temperature. . .

The global behavior of a RVE is directly determined by averaging the local fields, the difficulty being
mainly in the account of the elastic–viscoplastic nature of the interactions between them. The first models
(Weng, 1981), (Nemat-Nasser and Obata, 1986), deduced directly from the stiff interaction law of Kr€ooner
(1961), overestimate the internal stresses and are not far from Taylor (1938) and Lin (1957) uniform fields
approximations. To overcome these restrictions and build an elastic–viscoplastic rule for the interactions
between the heterogeneities, a special relation (C : M ¼ kI) was required between the overall elastic moduli
C and the viscoplastic compliance M in the model of Kouddane et al. (1993). Later, Li and Weng (1994)
have modified their first model introducing softer time-dependent interaction between the different parts of
the material. In the work of Toth and Molinari (1994), a scalar interaction parameter is introduced by
tuning the self-consistent predictions with finite element results.
The tangent linearization introduced by Rougier et al. (1994) was also extended to an affine self-con-

sistent model by Masson and Zaoui (1999).
A complete mechanical formulation based on translated fields, projection operators and self-consistent

approximation of integral equations (Paquin et al., 1999), was proposed.
Its main characteristics is that the symmetry between elasticity and viscoplasticity is preserved using a

projection operator formed by the sum of the operators associated with the elastic and the viscoplastic
problems. A complex interaction formula is deduced from translated fields with respect to those calculated
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in the case of pure elastic and pure viscous situations. The resulting model was successfully applied to the
determination of the overall behavior of composites as well as polycrystalline heterogeneous materials
(Paquin et al., 2001).
The new model presented in this paper rather follows Kr€ooner–Weng’s scheme than Paquin et al.’s

process: the elastic moduli are written as fluctuations regarding elastic reference moduli and the viscoplastic
strain rate is written as fluctuations regarding a reference strain rate that has to be compatible but not
necessary uniform as it has to be in the Kr€ooner–Weng’s model. Thus, the present model does not try to
respect the symmetry between elasticity and viscoplasticity as Paquin et al.’s model does. Projection op-
erator and translated field techniques are simultaneously used whereas, in the case of Paquin et al.’s model,
at first, a special projection operator is applied to elastic and viscoplastic fields and then, the elastic and
viscoplastic strain rates are translated to perform the self-consistent approximation.
In the first part of this work, the background of micro-mechanical tools are recalled especially the

projection operators, their properties and the self-consistency condition leading to reduce the interactions
between the ‘‘particles’’ to the local ones. For simplicity, this is done in the case of linear elasticity. The
second part deals with elastic–viscoplastic heterogeneous materials having a Maxwellian local behavior.
The elasticity of the medium is determined by the usual self-consistent approach while, for the viscoplastic
interactions, translated fields are introduced. At the same time, Kr€ooner’s model is reconsidered in the
framework of the translated field technique. The model is first applied to the case of two-phase composites
with isotropic, linear and incompressible viscoelastic properties for which an exact self-consistent solution
(using the Laplace–Carson transform) is available (Rougier et al., 1994). The agreement between both
models appears quite good. Results for elastic–viscoplastic BCC polycrystals are also presented and
compared with those obtained from Kr€ooner–Weng’s and Paquin et al.’s models.

2. Integral equation, projection operators and self-consistent approximation

This part recalls the method providing, from the field equations and the local behavior (here linear
elastic), the integral equations established by Dederichs and Zeller (1973) and Kr€ooner (1967) with the help
of the Green function of the problem. At the same time, the notations used throughout this paper are
introduced. Thanks to the application of projection operators owning noticable properties, mainly devel-
oped by Kunin (1983) and Kr€ooner (1986), a new formulation of the integral equation is written. This one is
more appropriate for the introduction of translated fields, very powerful in the scale transition theories.
Finally, the self-consistency condition, proposed by Kr€ooner (1986) using the properties of decomposition of
the Green functions into local and non-local parts is detailed.

2.1. Formulation in the case of heterogeneous linear elasticity

Let V be an elastic heterogeneous medium with local elastic moduli cðrÞ (elastic compliances
sðrÞ ¼ c�1ðrÞ). The displacement ud ¼ E � x over oV is prescribed at the boundary oV (E is uniform over oV ).
Through the use of the scale transition theories and by averaging the local strain and stress fields e and r
over the RVE, the macroscopic constitutive equation linking the macroscopic strain E to the macroscopic
stress R is determined

E ¼ 1

V

Z
V

eðrÞdV ¼ e; R ¼ 1

V

Z
V

rðrÞdV ¼ r: ð1Þ

The problem consists in finding displacement, strain and stress fields, uðrÞ, eðrÞ and rðrÞ satisfying field
equations in linear elasticity
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r ¼ c : e;

divr ¼ 0;

e ¼ rsu;

u ¼ E � x on oV :

ð2Þ

The notation rsv indicates the symmetrical part of the velocity gradient. The symbol ‘‘:’’ is used for the
contracted product between two tensors and ‘‘�’’ indicates the scalar product between two vectors.
The local elastic moduli cðrÞ are decomposed into a uniform part C (corresponding to the elastic moduli

of an homogeneous reference medium) and a fluctuating part dcðrÞ
cðrÞ ¼ C þ dcðrÞ: ð3Þ

The Navier equation can thus be written as

divðC : rsuÞ þ divðdc : rsuÞ ¼ 0: ð4Þ
Introducing the Green functions GCðrÞ of the elastic reference medium such as

CijklGC
km;ljðrÞ þ dimdðrÞ ¼ 0;

GCðrÞ ¼ 0 on oV ;
ð5Þ

where dðrÞ represents the Dirac function and dim is the Kronecker symbol, the set of partial derivative
equations (4) becomes an integral equation (Dederichs and Zeller, 1973; Kr€ooner, 1967)

eðrÞ ¼ E �
Z
V

CCðr � r0Þ : dcðr0Þ : eðr0ÞdV :

By denoting 	 the space convolution product, it can be recast
e ¼ E � CC 	 dc : e: ð6Þ

CC is the modified Green tensor associated to the reference medium and defined by

CC
ijkl ¼ �1

2
GC
ik;jl

�
þ GC

jk;il

�
: ð7Þ

This integral equation is simplified in many approximate methods such as the self-consistent model to
provide the effective mechanical behavior of heterogeneous materials.

2.2. Projection operator properties

The projection operatorPC related to the modified Green tensor CC was first introduced by Kunin (1983)

PC ¼ CC : C: ð8Þ
Some of its properties are useful when compatible or balanced fields are introduced. Thus, any balanced
stress field r displays the following property

divr ¼ 0() PC 	 S : r ¼ 0 ð9Þ
with S ¼ C�1. In a similar way, any compatible strain field e satisfies

e ¼ rsu; ud ¼ E � x () PC 	 e ¼ e � E: ð10Þ
The demonstrations of (9) and (10) are recalled in Fourier space where space convolution products become
simple products. Let the vector kðk1; k2; k3Þ be the conjugate of the vector rðx1; x2; x3Þ in Fourier space. The
Fourier transform of the Green function GC

jnðrÞ is defined by
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eGGC
jnðkÞ ¼

Z
V
GC

jnðrÞe�ik:r dV ð11Þ

with the following usual properties

eGGC
jn;i ¼ iki eGGC

jn;
eGGC
jn;ik ¼ �kikk eGGC

jn:

The Navier equation (5) defining GC is recast as

Cijkl
eGGC
jnkikk ¼ dln: ð12Þ

In Fourier space, (9) is equivalent to

~rrijkj ¼ 0() ePPC
mnpqSpqij~rrij ¼ 0:

Assuming that ~rrijkj ¼ 0, thereforeePPC
mnpqSpqij~rrij ¼ eCCC

mnij~rrij ¼ 1
2
eGGC
jmkikn

�
þ eGGC

jnkikm
�
~rrij ¼ 1

2
eGGC
jmkn

�
þ eGGC

jnkm
�
~rrijki ¼ 0:

Inversely, if: ePPC
mnpqSpqij~rrij ¼ 0, then, one can easily deduced that ðeGGC

jmkn þ eGGC
jnkmÞ~rrijki ¼ 0, and necessarily

~rrijki ¼ 0.
In the case of compatible strain fields

e ¼ rsu and ud ¼ E � x on oV

the following decomposition

e ¼ E þ e0 with e0 ¼ rsu0

is introduced.
Using the property PC 	 E ¼ 0, one obtains PC 	 e ¼ PC 	 e0 that leads toePPC

mnij~ee
0
ij ¼ CC

mnijCijkl~uu0k;l ¼ 1
2
eGGC
jmknki

�
þ eGGC

jnkikm
�
Cijkl~uu0likk:

Taking into account (12), one obtains

ePPC
mnij~ee

0
ij ¼ 1

2
Cijkl

eGGC
jnkkkiikm

�
þ Cijkl

eGGC
jmkikmikn

�
~uu0l ¼ 1

2
dlnikmð þ dlmiknÞ~uu0l ¼ 1

2
~uu0n;m
�

þ ~uu0m;n
�
¼ ~ee0mn

¼ ~eemn � eEEmn

and finally PC 	 e0 ¼ PC 	 e ¼ e � E.
Inversely, ifPC 	 e ¼ rsu� E, applying this equality at the boundary oV , one deduces directly ui ¼ Eijxj

on oV . Introducing ui ¼ udi þ u0i, with udi ¼ Eijxj, it comes rsu� E ¼ rsu0.
NowePPC

mnij~ee
0
ij ¼ ~uu0n;m ¼ dln~uu0l;m ¼ Cijkl

eGGC
jnkkki~uu

0
likm ¼ �Cijkl

eGGC
jn;im~uu

0
l;k

so that

1
2
~uu0n;m
�

þ ~uu0m;n
�
¼ �1

2
eGGC
jn;im

�
þ eGGC

jm;in

�
Cijkl~uu0l;k ¼ eCCC

mnijCijkl~uu0l;k:

With rsu0 ¼ PC 	 rsu0

one gets finally

rsu� E ¼ PC 	 rsu ¼ PC 	 e:
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2.3. Reformulation of the elastic heterogeneous problem

The interest of the projection operator PC is to provide an adimensional representation of Green
functions CC. Using the properties (9) and (10), it allows to transform the problem (2) and (3) into the
following set of equations, that is homogeneous in deformation

S : r ¼ e � ds : c : e;

PC 	 S : r ¼ 0;

PC 	 e ¼ e � E;

ð13Þ

with ds ¼ s� S.
Condition (13) (second term) is equivalent to equilibrium equations (2) (second term). Moreover, only

the condition (13) (third term) concerning the strain field is required to fulfill compatibility conditions (2)
(third and fourth terms).
Applying the projection operator PC to the first term of Eq. (13) and taking into account the properties

((9) and (10)), one directly gets the integral equation

e ¼ E þ PC 	 ds : c : e: ð14Þ

This one is based on projection operators amounts to the classical integral equation (6).

2.4. Self-consistent approximation

The analytical solution of the integral equation is usually neither possible nor required to determine the
effective properties of a (linear) heterogeneous medium. In many cases, approximations are based on fa-
miliar solutions of elementary problems of inclusion(s) embedded in an infinite matrix or on hypothesis
concerning the whole fields. The self-consistent approximation, introduced by Kr€ooner (1958) is based on
the decomposition of the modified Green function CC or the projection operator PC into local (l) part and
non-local (nl) part such as

CCðr � r0Þ ¼ CC
l dðr � r0Þ þ CC

nlðr � r0Þ;
PCðr � r0Þ ¼ PC

l dðr � r0Þ þ PC
nlðr � r0Þ:

ð15Þ

Replacing (15) in the integral Eq. (14), it follows:

e ¼ E þ PC
l : ds : c : e þ PC

nl 	 ds : c : e: ð16Þ

The second right term expresses the local effect of the elastic heterogeneity on the strain field e. On the other
hand, the third term that contains the convolution involves the long distance interactions. Because of their
complexity, their description is usually harder.
By applying the self-consistent scheme, this third term is not exactly evaluated but its contribution is

reduced by imposing on the average of the quantity ds : c : e over the RVE to vanish

ds : c : e ¼ 0: ð17Þ

Taking into account (1) and (2), (17) provides the macroscopic constitutive equation R ¼ C : E. Because of
the condition (17), the reference medium is required to be the effective equivalent medium: C ¼ Ce. The
non-local contribution of (16) is then neglected and the following concentration relations are deduced

e ¼ ACe : E; r ¼ c : ACe : E; ð18Þ
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where ACe represents the strain concentration tensor defined by

ACe ¼ I
�

þ CCe
l : dce

��1
; dce ¼ c� Ce: ð19Þ

The effective elastic tensor Ce are determined from the following equations:

Ce ¼ c : ACe ; ACe ¼ I : ð20Þ
CCe
l is the local part of the modified Green tensor CCe associated to the effective medium Ce and I is the

fourth-order identity tensor.
The same results could have been obtained for a heterogeneous viscoplastic solid, which will be treated in

the following part.
The preceding results are now used to build an integral equation for the elastic–viscoplastic material and

to apply the self-consistent approximation with the help of the projection operators properties for elasticity.

3. New model for elastic–viscoplastic heterogeneous materials

This part aims to express the relation between local fields and boundary conditions in the case of elastic–
viscoplastic heterogeneous medium using results established in the preceding section. Let consider an elastic
heterogeneous medium V, with local elastic moduli cðrÞ (elastic compliances sðrÞ ¼ c�1ðrÞ) and secant vi-
scoplastic compliances mðrÞ (secant moduli bðrÞ). The velocity vd ¼ _EE � x, where _EE is a uniform strain rate, is
prescribed at the boundary oV . The problem is treated in the framework of quasi-static equilibrium with no
volume forces. In the non-linear case, mðrÞ depends on stress r and viscoplastic strain evpðrÞ. The equations
of the elastic–viscoplastic heterogeneous problem are thus given by

• constitutive equation

_eeðr; tÞ ¼ sðrÞ : _rrðr; tÞ þ _eevpðr; tÞ; ð21Þ
• evolution law of the viscoplastic strain

_eevpðr; tÞ ¼ mðr; evp; rÞ : rðr; tÞ; ð22Þ
• equilibrium equation for the unknown field _rr

div _rr ¼ 0; ð23Þ
• kinematical compatibility relation

_ee ¼ rsv; ð24Þ
• boundary conditions

vdi ¼ _EEijxj on oV : ð25Þ
In addition, the stress field r has to check the property div r ¼ 0.
The problem consists in finding stress and strain rates fields _rr and _ee satisfying field equations (21)–(25)

that allow to determine the overall properties of the RVE through the homogenization step.
An elastic homogeneous medium C and its associated projection operator PC are introduced. By ap-

plying PC and using the properties (9) and (10), the equations of the present problem are transformed into
the following ones:

S : _rr ¼ _ee � ds : c : _eee � _eevp; ð26Þ

PC 	 S : _rr ¼ 0; ð27Þ

PC 	 _ee ¼ _ee � _EE: ð28Þ
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The Eqs. (26)–(28) have to be simultaneously satisfied. Hence, the operator PC is applied to the Eq. (26), so
that

PC 	 S : _rr ¼ PC 	 ð _ee � ds : c : _eee � _eevpÞ

and the properties (27) and (28) give rise to

_ee ¼ _EE þ PC 	 ðds : c : _eee þ _eevpÞ: ð29Þ

The integral equation (29) reflects the interactions between the elastic and viscoplastic heterogeneities in the
material: the strain rate _eeðrÞ at point r depends on the macroscopic loading _EE, on the elastic heterogeneities
dcðrÞ and on the viscoplastic strain rate field _eevpðrÞ in the whole volume V.
This integral equation is equivalent to the classical one developed by Kr€ooner (1977) and Berveiller et al.

(1987) with a different formulation based on the modified Green tensor CC

_ee ¼ _EE � CC 	 ðdc : _ee : �c : _eevpÞ: ð30Þ

The integral equations (29) and (30) represent completely the mechanical problem of heterogeneous
elastoviscoplasticity so long as the viscoplastic behavior, as it is specified by (22), is taken into account.
Now, this is not done in the current forms (29) and (30) of the integral equation. Because of the viscoplastic
strain rate independency of the effective elastic properties (moduli Ce) of the equivalent elastic–viscoplastic
medium, the self-consistent approximation, recalled in Section 2.4, can be directly used to definitely de-
termine the elastic moduli C introduced in (26).
Taking C ¼ Ce allows to satisfy the self-consistency conditions for the elastic part and the integral

equation (29) becomes

_ee ¼ _EE þ PCe 	 ðdse : c : _eee þ _eevpÞ; ð31Þ

where dse ¼ s� Se with Se ¼ Ce�1 , Ce and PCe being evaluated from the Eqs. (8) and (20).The choice of the
effective elastic moduli, according to the self-consistent approximation, is not sufficient to completely solve
the integral equation (31). The reason is twofold: on the one hand, (31) is still a spatial convolution and on
the other hand, the viscoplastic behavior _eevp ¼ m : r is not yet introduced in the interaction law (31). Only
using the vanishing of the average of ðdse : c : _eee þ _eevpÞ, to reduce the right-hand side of (31) to its local part,
leads to the already introduced definition of the mean values of _RR at _EE (pure elasticity). To reduce (31) to its
local part, the method developed by Kr€ooner (1961) in elastoplasticity or by Weng (1981) in elastovisco-
plasticity is firstly followed. While not giving an explicit local plastic or viscoplastic law, the preceding
authors have implicitly used the possibility offered by the translated fields coming from the properties of the
operators PC.

3.1. Kr€ooner–Weng’s classical self-consistent approximation

This approximation consists in introducing fluctuations of the viscoplastic strain rate field _eevp regarding a
uniform viscoplastic strain rate _EEvp (not necessary the average of _eevp) such as

_eevpðrÞ ¼ _EEvp þ d _eevpðrÞ: ð32Þ

At this step, the viscoplastic law _eevp ¼ m : r is not introduced yet.
The projection operator PCe calculated from the effective elastic moduli Ce is applied to the uniform field

_EEvp, so that, from the properties (10), one gets

PCe 	 _EEvp ¼ 0: ð33Þ
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The integral equation (31) becomes

_ee ¼ _EE þ PCe 	 ðdse : c : _eee þ d _eevpÞ: ð34Þ
In the case of Kr€ooner’s self-consistent approximation, _EEvp is chosen in order to weaken the contribution of
the non-local integral term by vanishing the average of ðdse : c : _eee þ _eevpÞ such as

dse : c : _eee þ d _eevp ¼ 0: ð35Þ
This condition imposed the value of the uniform viscoplastic field _EEvp as being the one of the effective
viscoplastic strain rate _EEvp ¼ _EEvpe

_EE ¼ Se : _RR þ _EEvpe: ð36Þ
Only keeping the local part of (34) gives

_ee ¼ ACe : _EE þ ACe : CCe
l : ðc : _eevp � Ce : _EEvpeÞ ð37Þ

with

_EEvpe ¼ tBCe : _eevp; ð38Þ
where BCe denotes the elastic stress concentration tensor

BCe ¼ c : ACe : Se with tBCe
ijkl ¼ BCe

klij: ð39Þ

In the case of homogeneous elasticity (c ¼ Ce), the well-known Kr€ooner’s (1961) relation is thus re-estab-
lished. This one has been used later by many authors with the following strain rate formulation

_rr ¼ _RR þ Ce : ðSE � IÞ : ð _eevp � _EEvpeÞ ð40Þ
with _EEvpe ¼ _eevp and SE ¼ CCe

l : Ce is the well-known Eshelby (1957) tensor. It should be underlined that this
relation is exact as far as mathematical and physical aspects are concerned. However, the mechanical in-
teractions remain roughly estimated. As a matter of fact, the inelastic behavior is not taken into account in
this formulation. This means that the inelastic strains actually depend on the stresses and therefore are not
‘‘stress free strains’’ as they are considered in Kr€ooner’s model. The formulation based on (37) or (40)
strongly overestimates the internal stresses (Berveiller and Zaoui, 1979) and leads to interactions close
to those contained by the Taylor (1938) and Lin (1957) models.
As it is showed, the preceding method displays forces and weaknesses. Its analyze leads to propose a new

class of models based on the introduction of translated fields, more realistic than the preceding ones, in the
integral equation (31).

3.2. New self-consistent approximation based on translated fields

The classical self-consistent approximation (Section 2.4) is well-suited for classical bi-univocal laws
(elasticity, elastoplasticity, viscoplasticity) but appears not appropriate for differential constitutive equa-
tions which involve different order of time derivation concerning stress and/or strain fields like elastic–
viscoplastic materials.
Hence, in an alternative approach, a less conventional self-consistent approximation based on projection

operator PC properties defined by the Eqs. (9) and (10) is proposed. Thus, these specific properties lead to
apply self-consistency on particular translated fields (that fulfill the kinematical compatibility or equilib-
rium conditions) that respect these properties. In the present case, translating the field _eevpðrÞ with regarding
a non-necessarily uniform compatible one _eevpðrÞ gives

_eevpðrÞ ¼ _eevpðrÞ þ d _eevpðrÞ:
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The elastic–viscoplastic heterogeneous material can be schematically represented by an assembling of
elastic and viscoplastic elements. As a result, it is characterized by its properties corresponding to the cases
of pure elasticity and pure viscoplasticity. These properties can be associated with particular mechanical
states that physically correspond to the asymptotic situations reached by the material.
The pure elastic state is described in the Section 2.4. The treatment used is simple and independent on the

pure viscoplastic state. Similarly, the case of pure viscoplasticity and the corresponding integral equation of
a heterogeneous viscoplastic material is solved by the self-consistent approximation. This provides a
compatible viscoplastic strain rate field useful to carry out the required translation in the resolution of the
elastic–viscoplastic heterogeneous problem.

3.2.1. Case of pure viscoplasticity
In that case, the constitutive equation (21) is reduced to

_ee ¼ _eevp ¼ m : r: ð41Þ
As done for elastic properties, a reference medium having viscoplastic homogeneous compliances M (secant
moduli B) is introduced such as

mðrÞ ¼ M þ dmðrÞ; bðrÞ ¼ Bþ dbðrÞ: ð42Þ
Owing to the local viscoplastic law (41), to the kinematical compatibility and boundary conditions (24) and
(25), to the expressions (42) and moreover to the equilibrium property of the stress field div r ¼ 0, one
obtains the following integral equation:

_ee ¼ _EE � CB 	 db : _ee: ð43Þ
CB denotes the modified Green tensor associated to the viscoplastic reference medium B.
The integral equation (43) is similar to the one of the elastic heterogeneous problem (6). The self-con-

sistent approximation of (43) provides the strain rate concentration relation

_ee ¼ ABe : _EE; ð44Þ

where ABe is the concentration tensor of the viscoplastic strain rate associated with the effective viscoplastic
moduli Be defined by

ABe ¼ I
�

þ CBe
l : dbe

��1
; dbe ¼ b� Be: ð45Þ

The effective viscoplastic moduli Be are deduced from the following equations:

Be ¼ b : ABe ; ABe ¼ I : ð46Þ
The prediction of the compatible field _ee defined by (44) is exact in the case of a complete resolution of the
integral equation (43) or approximated in the case of models such as those developed by Taylor (1938),
Mori and Tanaka (1973) or the viscoplastic self-consistent scheme.

3.2.2. Case of elastoviscoplasticity
In the present case, the viscoplastic self-consistent approximation is used to simplify the integral

equation (43) and to provide a compatible, not necessarily uniform, _eevpðrÞ required for the translation of the
elastic–viscoplastic problem. Thus, any field _eevpðrÞ having the form

_eevpðrÞ ¼ ABeðrÞ : _XX ð47Þ
has the following property

PCe 	 ABeðrÞ : _XX ¼ _eevpðrÞ � _XX ; ð48Þ
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where _XX denotes any tensor chosen to define the kinematical compatible fields _eevpðrÞ. The fluctuation of the
viscoplastic strain rate field _eevp regarding the field _eevpðrÞ ¼ ABeðrÞ : _XX is defined by taking into account the
property (48) such as

_eevpðrÞ ¼ ABeðrÞ : _XX þ d _eevpðrÞ: ð49Þ

This decomposition and the property (48) lead to the following integral equation

_ee ¼ _EE þ ABe : _XX � _XX þ PCe 	 ðdse : c : _eee þ d _eevpÞ: ð50Þ

According to the self-consistency condition, the unknown tensor _XX is chosen so that the average of
dse : c : _eee þ d _eevp vanishes

dse : c : _eee þ d _eevp ¼ 0: ð51Þ

Owing to the preceding equations and the property (46), _XX is deduced from (51)

_XX ¼ ds : _rr þ _eevp ¼ _EE � Se : _RR: ð52Þ
_XX can be re-arranged as the following form obtained after identification of the macroscopic constitutive
equations (36) and (38)

_XX ¼ _EEvpe ¼ tBCe : _eevp: ð53Þ

Substituting (53) in (50), and neglecting the non-local term produce

_ee ¼ _EE þ ABe : _EEvpe � _EEvpe þ PCe
l : ðdse : c : _eee þ d _eevpÞ: ð54Þ

Combining the preceding Eqs. (19), (21), (49) and (54) finally gives

_ee ¼ ACe : ð _EE � _EEvpeÞ þ ACe : ABe : _EEvpe þ ACe : CCe
l : ðc : _eevp � Ce : ABe : _EEvpeÞ; ð55Þ

where _eevpðr; tÞ ¼ mðr; evp; rÞ : rðr; tÞ and _EEvpe ¼ tBCe : _eevp. Substituting the strain rate concentration relation
(55) in the local constitutive equation (21) gives the following interaction law for stresses

_rr ¼ c : ACe : Se : _RR þ c : ACe : ðSE � IÞ : ð _eevp � ABe : _EEvpeÞ: ð56Þ

This equation contains two asymptotic states

pure elasticity: _eevp ¼ _EEvpe ¼ 0

_rr ¼ c : ACe : _EE; ð57Þ
pure viscoplasticity: _rr ¼ _RR ¼ 0

r ¼ b : ABe : _EE: ð58Þ

In the case of an elastic homogeneous behavior (c ¼ Ce, ACe ¼ I), (55) becomes

_ee ¼ _EE � _EEvp þ ABe : _EEvp þ SE : ð _eevp � ABe : _EEvpÞ ð59Þ

and (56) is replaced by

_rr ¼ _RR þ Ce : ðSE � IÞ : ð _eep � ABe : _EEvpÞ ð60Þ

with _EEvp ¼ _eevp.
Unlike Kr€ooner’s interaction law (37), that only contains the asymptotic state of pure elasticity, (56)

expresses in addition the asymptotic state of pure viscoplasticity.
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3.3. Isotropic behaviors and spherical inclusions

Eqs. (55) and (56) are valid for a RVE constituted of spherical inclusions. In this part, they are simplified
for the case of isotropic behavior.
Let us suppose that the inclusions are spheres with an isotropic behavior and distributed randomly in the

matrix so that the overall behavior is also isotropic. This case simply and directly derives from Eq. (55) or
(56). The expressions of the concentration relations are thus explicit.
The isotropic behavior of each phase and of the overall material is defined by Lam�ee moduli (k and l for

elasticity, a and g for viscoplasticity). The elastic c, C and viscoplastic b, B tensors are defined by

cIijkl ¼ 2lI Iijkl þ kIdijdkl and bIijkl ¼ 2gI Iijkl þ aIdijdkl

for the inclusion (I) and by

Cijkl ¼ 2lIijkl þ kdijdkl and Bijkl ¼ 2gIijkl þ adijdkl

for the matrix.
The moduli k and a are related to Poisson ratios and shear moduli such as

kI ¼ 2lImI

1� 2mI
; aI ¼ 2gImI

V

1� 2mIV
; k ¼ 2lm

1� 2m
; a ¼ 2gmv

1� 2mv
:

The tensor T I for an isotropic medium is defined by the shear modulus and the Poisson ratio of the matrix
(l et m for elasticity, g et mv for the viscosity) (Kr€ooner, 1989) by

T CI

ijkl ¼
4� 5m

15lð1� mÞ Iijkl �
1

30lð1� mÞ dijdkl;

T BI
ijkl ¼

4� 5mv

15gð1� mvÞ Iijkl �
1

30gð1� mvÞ dijdkl:

In the case of an incompressible material: m ¼ 0:5, mv ¼ 0:5, ekk ¼ 0, constitutive equations reduce to the
deviatoric contribution (suffix D) of the stress and strain tensors

_rrI
D ¼ 2lI _eeID

�
� 1

2gI
rI
D

�
ð61Þ

and

ACI ¼ 5l
3l þ 2lI

; ABI ¼ 5g
3g þ 2gI

:

The interaction law (56) becomes

_rrI ¼ 5lI

3l þ 2lI
_RR

	
� 2lð1� bÞ _eevpI

�
� 5g
3g þ 2gI

_EEvp
�


ð62Þ

with b ¼ 2ð4�5mÞ
15ð1�mÞ ¼ 2

5
:

In the case of homogeneous elasticity: lI ¼ l, (62) is written

_rrI ¼ _RR � 2lð1� bÞ _eevpI
�

� 5g
3g þ 2gI

_EEvp
�

ð63Þ

with _EEvp ¼ _eevp.
This interaction formula significantly differs from Kr€ooner’s equation by the term ABI .
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Originally, Kr€ooner’s equation aims to determine the internal stresses related to a plastic incompatibility
considered as a ‘‘stress free’’ namely fixed plastic strain. The application of this approach to strain rate
fields (Weng’s model), and, more generally, of methods of translation around uniform fields, results in
evolution equations fundamentally different from (62) and (63). Indeed, the last ones are related to stress-
dependent viscoplastic incompatibilities and are new in this sense.

4. Applications to two-phase and polycrystalline materials

4.1. Application to a two-phase incompressible isotropic viscoelastic material

In the case of linear viscoelasticity (constant moduli cðrÞ and bðrÞ), a comparison of the present model
with 1/Rougier et al.’s model (1994) based on the linear viscoelastic inclusion problem solved by Hashin
(1969) using the Laplace–Carson transform and 2/Kr€ooner–Weng’s model (Section 3) is proposed. The
compared results concern the strain rate concentration relation and the macroscopic tensile behavior.
To obtain simple analytical results, an incompressible isotropic composite material constituted of two

incompressible isotropic phases is considered. Their elastic and viscous moduli are (l1, g1) and (l2, g2)
respectively. The constitutive equation of each phase is given by (61).
The local strain rate _ee1 in the phase 1 is calculated by the three models and written in the Laplace–Carson

space such as

_̂ee_eeI ¼ bAAðpÞ : b_EE_EE: ð64Þ
Here, the Laplace–Carson transform of a function f is denoted f̂f and defined by

f̂f ðpÞ ¼ p
Z 1

0

f ðtÞe�pt dt:

Applying the Laplace–Carson transform to (61) leads to the following constitutive equation for each
phase I

ŝsIðpÞ ¼ 2lI

p þ lI

gI

_̂ee_eeIðpÞ or ŝsIðpÞ ¼ 2l̂lIðpÞ _̂ee_eeIðpÞ ð65Þ

with

l̂lIðpÞ ¼ lI

p þ lI

gI

: ð66Þ

4.1.1. Hashin–Rougier’s model
The linearity of (65) allows to use the classical self-consistent scheme in the Laplace–Carson space as

done by Hashin (1969) and Rougier et al. (1994). Thus, the strain concentration tensor in the Laplace space
for the phase I is determined by

bAAHI ðpÞ ¼ 5bLLeðpÞ
3bLLeðpÞ þ 2l̂lIðpÞ

ð67Þ

bLLe denotes the effective modulus of the homogeneous equivalent material in the Laplace–Carson space. It is
determined by solving the classical homogenization equation of a two-phase materialbLLe ¼ l̂l2 þ f1ðl̂l1 � l̂l2ÞbAAH1 ð68Þ
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that provides

bLLeðpÞ ¼ � 2� 5f1
6

l̂l1ðpÞ � 2� 5f2
6

l̂l2ðpÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 5f2
6

l̂l1ðpÞ þ 2� 5f2
6

l̂l2ðpÞ
� �2

þ 2

3
l̂l1ðpÞl̂l2ðpÞ

s
; ð69Þ

where f1 and f2 are respectively the volume fractions of the phases 1 and 2.

4.1.2. Present model
In the case of a two-phase isotropic and incompressible material, the interaction law derived from the

present model and (61) is

_rrI
D ¼ aI _RR � 6

5
aIle

rI
D

2gI

 
� bIaI

rI
D

2gI

!
ð70Þ

with _RR is the macroscopic stress rate. Besides,

aI ¼ 5lI

3le þ 2lI
; ð71Þ

bI ¼ 5ge

3ge þ 2gI
ð72Þ

and le, ge are effective elastic and viscous moduli determined by the classical self-consistent scheme for a
two-phase material (Berveiller and Zaoui, 1981).
The Laplace–Carson transform of (70) gives for the phase 1

ŝs1ðpÞ ¼ bBBPM1ðpÞbRR; ð73Þ
where

bBBPM1ðpÞ ¼
p þ 6

5
leb1

2g2 ð1þ a2 � f1a1b1 � f1a2b2Þ
p
a1 þ 6

5
le 1

2g1 �
b1f1
2g1 a1 þ 1� f1a1b1 � f2a2b2½ � þ b1f1

2g2 a2 þ 1� f1a1b1 � f2a2b2½ �
� � : ð74Þ

By using the constitutive equation (61), the following strain concentration relation for the phase 1 is ob-
tained

_̂ee_ee1ðpÞ ¼ bAAPM1ðpÞb_EE_EE; ð75Þ
where

bAAPMI ðpÞ ¼
bBBPMI ðpÞ p þ lI

gI

� �
2lI aI

bBBPMI ðpÞ
2gI � bI

bBBPMI ðpÞ
2gI

� �
þ bBBPMI ðpÞ

2gI

 !
þ lI

le p

: ð76Þ

4.1.3. Kr€ooner–Weng’s model
In the case of a two-phase isotropic and incompressible material, the interaction law derived from the

Kr€ooner–Weng model is

_rrI
D ¼ aI _RR � 6

5
aIle

rI
D

2gI

 
� aI

rI
D

2gI

!
ð77Þ

with the same notations as the previous model and with aI defined as (71).
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It is then noticeable through the previous equation that Kr€ooner–Weng’s model is similar to the present
model by taking bI ¼ 1. Consequently, the stress and strain concentration tensors of the phase 1 are im-
mediately deduced from (74) and (76) so that

bBBKW1ðpÞ ¼
p þ 6

5
lea2

2g2

p
a1 þ 6

5
le 1

2g1 � f1 a1
2g1 � a2

2g2

h i� � ð78Þ

and

bAAKWI ðpÞ ¼
bBBKWI ðpÞ p þ lI

gI

� �
2lI aI

bBBKWI ðpÞ
2gI � bBBKWI ðpÞ

2gI

� �
þ bBBKWI ðpÞ

2gI

 !
þ lI

le p

: ð79Þ

4.1.4. Numerical results
In order to compare the three models, the strain concentration tensors of the phase 1 bAAHI

, bAAKWI
, bAAPMI

are
plotted as a function of p for three different volume fractions: f1 ¼ 0:25, 0.5 and 0.75. For computations,
the elastic and viscous moduli are taken such as

l1 ¼ 50 MPa and g1 ¼ 10 MPa s for the phase 1;
l2 ¼ 250 MPa and g2 ¼ 1000 MPa s for the phase 2.

Results obtained by the present model for the three volume fractions (Fig. 1A–C) closely follow those
determined from Hashin–Rougier et al.’s model, considered as a reference for the viscoelastic self-consistent
model. In particular, asymptotic situations corresponding to pure elasticity (resp. pure viscoplasticity)
reached when the physical time t ! 0 or the Laplace–Carson parameter p ! 1 (resp. t ! 1 or p ! 0) are
interesting to analyze. The pure elastic strains are obtained from (67) and (76) when p ! 1. Both models
provide the same result that is for example for the phase 1

_̂ee_ee1 ¼ 5le

3le þ 2l1
b_EE_EE:

Similarly, the pure viscoplastic strains are obtained from (67) and (76) when p ! 0. Hashin–Rougier’s
model and the present model tend to the same result that is for the phase 1

_̂ee_ee1 ¼ 5ge

3ge þ 2g1
b_EE_EE:

In addition to the fact that asymptotic results are identical, the results obtained by both models remain very
close for the transient regime even for high mechanical contrast between the two phases. These results that
concern the local response strengthen the relevance of the present model, which succeeds in accounting for
viscoelastic interactions.
As expected, more discrepancies appear as far as Kr€ooner–Weng’s model is concerned; especially when

the material tends to a pure viscoplastic behavior (p ! 0 in (79)), the strain rate concentration tensor tends
to 1. This result is coherent with the uniform viscoplastic strain field hypothesis but does not represent the
physical reality.
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4.1.5. Tensile tests and numerical results
Tensile tests have been simulated at a strain-rate of j _EEj ¼ 10�4 s�1 for the two-phase material previously

defined and having a volume fraction of the phase 1 equal to 0.25. The homogenized behavior obviously
reflects the preceding results (Fig. 2). A very good agreement between results obtained by Hashin–Rougier’s
model and the present one is found. In that case, the asymptotic situations are captured at very low strains
for the pure elasticity and at large strains for the pure viscoplasticity. As expected from the preceding
analyze of the interaction laws, Kr€ooner–Weng’s model strongly overestimates stresses in the material, es-
pecially at large deformations or, that is equivalent, at long time. It should be underlined that the previous
model based on translated fields developed by Paquin et al. (1999) also provides results very close to
Hashin–Rougier’s model and the present one (Fig. 2). This result shows that the field translation method
with respect to compatible ones is all the more relevant than the reference fields have physical sense. It
allows then to well capture the intergranular accommodation.

4.2. The case of a polycrystalline elastic–viscoplastic material

The second attempt is to model the overall behavior of a BCC elastic–viscoplastic polycrystal through
the present self-consistent model. In the following, the non-linear behavior of the single crystal is described

Fig. 1. (A) Strain concentration tensors as a function of p for the phase 1 of a two-phase incompressible and isotropic viscoelastic

composite with f1 ¼ 0:25. (B) Strain concentration tensors as a function of p for the phase 1 of a two-phase incompressible and

isotropic viscoelastic composite with f1 ¼ 0:5. (C) Strain concentration tensors as a function of p for the phase 1 of a two-phase in-

compressible and isotropic viscoelastic composite with f1 ¼ 0:75.
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in the framework of crystalline plasticity through the classical secant formulation. The overall response
obtained with the present model is compared respectively with the models of Kr€ooner–Weng (1961, 1981)
and Paquin et al. (1999).

4.2.1. Single crystal behavior
In the following, the inelastic strain is assumed to be only issued from crystallographic slip according to

two slip systems (1 1 0)h111i and (1 1 2)h111i related to the BCC structure. The orientation tensor (or
Schmid tensor) is then defined for each slip system (s)

RðsÞ
ij ¼ 1

2
mðsÞ

i nðsÞj
�

þ mðsÞ
j nðsÞi

�
;

where nðsÞ and mðsÞ are respectively the unit vector normal to the slip plane and along the slip direction of the
slip system (s). The resolved shear stress on each slip system (s) is

sðsÞ ¼ RðsÞ
ij rij

and finally the expression of the viscoplastic strain rate tensor is given by

_eevpij ¼
X
s

RðsÞ
ij _ccðsÞ: ð80Þ

A local physically based flow rule allows to take into account the strain rate sensitivity of the material so
that (Kocks et al., 1975)

_ccðsÞ ¼ _cc0
sðsÞ

l

� �2
exp

 
� DG

kT
1

 
�

sðsÞ
�� ��
sðsÞr

� �p!q!
sign sðsÞ

� �
: ð81Þ

In (81), _cc0 is a reference strain rate, l is the elastic shear modulus, k is the Boltzmann constant, T is the
absolute temperature and DG is the activation energy linked to the activation process. The constant pa-
rameters p and q characterize the space distribution obstacles to dislocation motion so that 0 < p6 1 and
16 q6 2. sðsÞ is the resolved shear stress previously defined and sðsÞr is a reference shear stress characteristic
of strain hardening.
The local viscoplastic strain rate tensor is written according to the secant formulation

_eevpij ¼ mvp
ijkl rð Þrkl;

Fig. 2. Deviatoric stress–strain tensile curves at a strain rate of j _EEj ¼ 10�4 s�1 for a two-phase incompressible and isotropic viscoelastic

composite with f1 ¼ 0:25.
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where according to (80) and (81)

mvp
ijkl ¼

X
s

_cc0
sðsÞ
�� ��
l2

exp � DG
kT

1

 
�

sðsÞ
�� ��
sðsÞr

� �p!q !
RðsÞ
ij R

ðsÞ
kl : ð82Þ

The evolution of the reference shear stress present in (81) and (82) is linked to the hardening matrix H sh

_ssðsÞr ¼
X
s

H sh _ccðhÞ
��� ���:

The strain-hardening model used takes into account both the creation and the annihilation of dislocations
so that the hardening matrix becomes

H sh ¼ al

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

k askqðkÞ
p ash

1

LðhÞ

�
� ycqðhÞ

�
: ð83Þ

In (83), a is a constant (typically 0.5), LðhÞ deals with a mean free path of dislocations which decreases as a
function of deformation according to the following rule:

LðhÞ ¼ KffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
u6¼h qðuÞ

q
yc is a characteristic length describing the annihilation dislocation process, qðhÞ is the dislocation density on
the slip system (h) and agh is the crystallographic part of the hardening matrix as defined by Franciosi
(1985). This formulation is advantageous since dislocation densities are used as internal variables and their
evolution on the slip system (s) is given by

_qqðsÞ ¼ 1

b
1

LðsÞ

�
� ycqðsÞ

�
_ccðsÞ
��� ���;

where b is the magnitude of the Burgers vector.

4.2.2. Material parameters
The polycrystal is considered as an isotropic aggregate constituted of 100 spherical grains. The elastic

behavior is assumed isotropic (shear modulus (l ¼ 80000 MPa) and Poisson ratio (m ¼ 0:3)). Because of the
incompressibility of the viscoplastic behavior defined in (82), it is necessary like Hutchinson (1976) to add a
negligible compressible contribution. This procedure is detailed in Paquin et al. (2001). The material
constants are gathered in Table 1.

4.2.3. Tensile stress–strain curves
In this section, Kr€ooner–Weng’s model (1961, 1981), Paquin et al.’s model (1999) and the present model

are compared in the case of a tensile test with a prescribed strain rate j _EEj ¼ 10�2 s�1. The numerical results
are represented on the Fig. 3. As expected, the three models provide similar results at very low strains
corresponding to the pure elastic response of the material. At large strains, Paquin et al.’s model and the
present one tend to the same stress limit whereas Kr€ooner–Weng’s model predicts a higher stress level. These

Table 1

Material parameters used for computations

_cc0 (s
�1) DG

k (K) p q yc (m) b (m) K a

1:5� 10�2 10 000 1 2 8� 10�8 2:5� 10�10 10 0.5
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expected discrepancies are much lower than those observed in the two-phase material case. This is mainly
due to the weaker mechanical contrast between the heterogeneities involved in the polycrystalline BCC
metals than in the two-phase material. Indeed, in the case of the BCC polycrystalline metals, the elasticity is
usually considered as homogeneous and plastic anisotropy remains low due to the numerous possible slip
systems. Fig. 3 exhibits differences between Paquin et al.’s model and the present one in the transient re-
gime. The present model provides a smoother transition from the pure elastic to the pure viscoplastic re-
sponse and withdraws from results of Kr€ooner–Weng’s models. This comes from a different estimation of
the elastic–viscoplastic interactions linked to the choice of other translated fields and Navier operators.

5. Conclusion

The complex and strong space–time connections arising from elastic–viscoplastic interactions in heter-
ogeneous materials have been captured through a new class of models involving simultaneously self-con-
sistency for the viscous part and self-equilibrium for the remaining fields. Owing to different orders of time
derivation in the local constitutive equation, an internal variable approach is preferred to a hereditary one
so that the evolution equations are naturally determined and do not required the knowledge of the whole
mechanical history. The use of the projection operator properties eases the introduction of translated fields
and, in this case, the pure viscoplastic classical self-consistent solution has been naturally chosen. With this
straightforward choice, results obtained for a two-phase composite as well as for a non-linear polycrystal
and compared with other models demonstrate the quality and the efficiency of the present formulation. The
proposed scheme may also be extended to other materials with more complex physical and mechanical
couplings.
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